Critical Point Theory of Distance Functions
Morse theory is a basic tool in differential topology which also has many applications in Riemannian geometry. Roughly speaking, Morse theory relates the topology of M to the critical points of a Morse function on M . A Morse function is by definition a smooth function on M whose critical points are discrete and nondegenerate (the Hessian of f is nondegenerate). One of the most remarkable facts in Morse theory is the isotopy lemma, which says that the topology of M will not change without passing a critical point. Now let (M, g) be a Riemannian manifold, and p ∈ M be a point. For geometric reasons, one would like to apply Morse theory to the distance function d p . However, one cannot apply Morse theory directly since
• d p is not a smooth function on M : It is not smooth at {p} and is not smooth at most points in Cut(p).
• Outside Cut(p) ∪ {p} where d p is smooth, one has |∇d p | = 1. So there is no regular critical point there.
In 1977 Grove-Shiohama defined the following conception of critical point for distance function and proved analogous isotopy lemma in this setting. The theory has many applications in global Riemannian geometry.
there exists a minimizing geodesic γ from q = γ(0) to p so that
i.e. the angle α betweenγ(0) and X q is no more than
Remarks.
(1) p is a trivial critical point of d p . In what follows when we say q is a critical point of p, we always mean q is a nontrivial critical point of d p . (2) If q is not a critical point of d p , then the tangent vector of all minimizing geodesic from q to p lie in an open half space of T q M . (3) If q = p is a critical point of d p , then q ∈ Cut(p), since any point outside Cut(p) can be connected to p by a unique minimizing geodesic.
Example.
• M = S 2 the standard sphere: the only critical point of p is its antipodalp.
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• M = S 1 ×R 1 the standard cylinder: the only critical point of (x, y) is (−x, y).
• M = S 1 × S 1 the flat torus with fundamental domain a rectangle centered at p: the critical points are the two barycenters of the sides and the corner point.
• If γ is a closed geodesic of length 2l so that γ| [0,l] and γ| [l,2l] are minimal, then γ(l) is a critical point of γ(0). In particular, if q ∈ Cut(p) is not conjugate to p and
• If M is compact, and q is a farthest point from p, then q is a critical point of p. (Reason: see corollary below.)
The following lemma is crucial in all applications.
Proof. It's enough to prove the theorem for r 2 < ∞. Suppose q is not a critical point of p, then there exists X q ∈ T q M so that for any minimal geodesic γ from q to p, the angle
By continuity, we can extend the vector X q to a vector field X q defined on a neighborhood U q of q so that for anyq ∈ U q and any minimal geodesicγ fromq to p, the angle
Next let's take a locally finite covering {U q i } of B r 2 (p) \ B r 1 (p) using such neighborhoods, and a smooth partition of unity {ρ i } subordinate to this covering. We put
Clearly X is a smooth non-vanishing vector field, since at eachq,
We will normalize X so that |X(q)| = 1 at eachq. It follows that ∠(X(q),γ(0)) < π 2 for allq ∈ B r 2 (p) \ B r 1 (p) and for all minimizing geodesicγ fromq to p. Now for anyq ∈ B r 2 (p) \ B r 1 (p) we let σq be the integral curve of X passingq, and for any σq(t) ∈ B r 2 (p) \ B r 1 (p) we letγ t be the a minimal geodesic from σq(t) to p. Then by the first variation formula,
Since for all t ∈ [t 1 , t 2 ] we have
by compactness there exists an ε > 0 so that
As a consequence, d p is strictly decreasing along the integral curves σq(t) of X inside B r 2 (p) \ B r 1 (p) as t increases. So the flow of X gives us the desired homeomorphism.
Since the topology changes after the "farthest point", we get Corollary 1.3. Let (M, g) be a compact Riemannian manifold, p ∈ M , and q is a farthest point from p, then q is a critical point of p. In particular, if
then for any X p ∈ T p M , there is a minimal geodesic γ from p = γ(0) to q so that
As another corollary, we have the following theorem that are analogue to the Reeb theorem for smooth Morse functions: Corollary 1.4. Let (M, g) be a compact Riemannian manifold and p ∈ M . If d p has only one nontrivial critical point q = p, then M is homeomorphic to the sphere.
Proof. According to corollary 1.3, q has to be the only farthest point of p. Take
is homeomorphic to R m , it follows that B r 2 (p) is homeomorphic to R m . Obviously M = B r 1 (q) ∪ B r 2 (p). So by Brown theorem, M is homeomorphic to S m .
Some Applications of the Critical Point Theory
As a first application of the critical point theory of distance function, we shall prove the following generalized sphere theorem:
Theorem 2.1 (Grove-Shiohama). Let (M, g) be a complete simply connected Riemannian manifold with
Remark. According to Klingenberg's estimate, if
So Grove-Shiohama's theorem implies the sphere theorem.
). By corollary 1.4, it is enough to prove that p has no other critical points. Suppose to the contrary,q = q is a critical point of p. Let γ be a minimal normal geodesic from q = γ(0) toq = γ(l). By definition of critical points, there exists a minimal normal geodesic σ fromq = σ(0) to p = σ(l ) so that
Similarly, there exist minimal normal geodesics γ 1 , σ 1 from p = γ 1 (0) = σ 1 (0) to q = γ 1 (l ) = σ 1 (l ) so that
Since M is compact, there exists k > 1 4
. In view of the Cheng's maximal diameter theorem that we mentioned earlier and will prove next time, we may assume
Now we apply the Toporogov comparison theorem (triangle version), to conclude that there is a geodesic triangle in S m (
) whose sides have length l, l , l while all three anglesα,β,β are all no more than π 2
. Since
implies that exactly one of l and l , say l , is strictly greater than
, and the other one, l, is strictly smaller than
In other words, l < l . This contradicts with the assumption that l = diam(M, g).
Finally we will prove a baby version of the soul theorem.
Lemma 2.2 (Gromov). Let (M, g) be a complete non-compact Riemannian manifold with K ≥ 0. Let q be a critical point of p andq a point in M satisfying
for some λ > 1. Let γ 1 , γ 2 be minimal geodesics from p to q,q respectively. Then
Proof. Let σ 1 be a minimal geodesic from q toq. Then there exists a minimal geodesic σ 2 from q to p so that
. We will denote
Applying Toporogov comparison theorem, we can get a triangle in the plane with sides l, l , l , and corresponding anglesα ≤ α,β ≤ β ≤ π 2
. It follows that
and thus
This implies cos(α) ≤ 1/λ and thus α ≥ arccos(1/λ).
Corollary 2.3. Let (M, g) be a complete non-compact Riemannian manifold with K ≥ 0, and let λ > 1. Then there exists a number N (λ, m) so that if q 1 , · · · , q N is a sequence of critical points of p satisfying
Proof. For each i let γ i be a minimizing normal geodesic from p to q i . Then according to lemma 2.2, ∠(γ i (0),γ j (0)) ≥ arccos(1/λ) for all i = j. In other words, if we denote r = 1 2 arccos(1/λ), then B r (γ i (0)) ⊂ S p M are disjoint balls in S p M . Obviously the number of such balls is bounded by a universal constant depending only on m and λ.
Combining with the isotopy lemma, we get Corollary 2.4. Let (M, g) be a complete non-compact Riemannian manifold with K ≥ 0. Then given any p ∈ M , there exists a compact set C such that p has no critical points lying outside C. In particular, M is homeomorphic to the interior of a compact manifold with boundary.
Corollary 2.4 is a special case of the following structural theorem: (Recall that a subset in A ⊂ M is called totally convex if for any p, q ∈ A, any geodesic γ connecting p to q must be contained in A. In particular, a single point set {p} is totally convex if and only if there is no geodesic loop based at p.) Theorem 2.5 (The Soul Theorem). Let (M, g) be a complete non-compact Riemannian manifold with K ≥ 0. Then M contains a closed totally convex submanifold S with dim S < dim M such that M is diffeomorphic to the normal bundle over S.
The submanifold S in the theorem is called a soul of the M . For example, the point (0, 0, 0) is (the only) soul of the paraboloid z = x 2 + y 2 , while any meridian circle is a soul of the cylinder S 1 × R. The proof of the soul theorem will be a term project.
Remark (About History).
• The Soul theorem was proved by Cheeger-Gromoll in1972.
• Gromoll-Meyer 1969: If K > 0 on M , then M is diffeomorphic to R m (So S is a single point).
• Perelman 1994: If K ≥ 0 on M , and K > 0 at one point, then M is diffeomorphic to R m .
• Another beautiful theorem on the structure of non-negatively curved manifold is the following splitting theorem proved by Cheeger-Gromoll in 1971:
Theorem 2.6 (The Splitting Theorem). Let (M, g) be a complete Riemannian manifold with nonnegative Ricci curvature. Suppose M contains a geodesic line. Then M can be decomposed as a Riemannian product M × R.
